Period-doubling routes to chaos behavior in bistable laser diodes is examined numerically. An external sinusoidal electronic drive is injected to generate chaotic light output. Phase portrait, Poincaré map, bifurcation diagram, and Lyapunov exponent are then calculated to assert the existence of chaos. Furthermore, according to Pecora and Carroll's theory, a drive-response system is constructed by using the bistable laser diodes to mask the sinusoidal electronic signal with chaotic light. Synchronization can be achieved for optical simplex and duplex transmissions using bistable laser diodes. The proposed synchronization scheme between two separate chaotic systems provides a key step toward optical chaotic communication.
Introduction
Optical bistability can be achieved by passive type bistable systems 1) or active-type bistable laser diodes. 2) In some passive components, optical bistability routes to chaos can be achieved. [3] [4] [5] However, the study of optical bistability routes to chaos in active components remains sparse. Kawaguchi 6) studied bistable operation and self-sustained pulse oscillation in a semiconductor laser. He also predicted the occurrence of chaos in the self-pulsating state of the model.
In this work, we further assert existence of chaos and period-doubling routes to chaos in the bistable region of the model suggested by Kawaguchi 7, 8) numerically. We used an electronic-controlled technique to produce chaotic light output from the laser diodes. These techniques involved adding a sinusoidal signal to a DC bias current and were also implemented with other types of laser diodes. 9, 10) The chaotic behaviors are investigated by computing phase portrait, Poincaré map, bifurcation diagram, and Lyapunov exponent.
Furthermore, the chaotic light output provides a possible light source for a synchronization scheme in secure optical communication. Pecora and Carroll 11, 12) demonstrated criteria that result in synchronization between two chaotic systems. According to their theory, this work addresses three issues of optical chaotic communication while using driveresponse system formed by the bistable laser diodes. First, the bistable laser diodes can be used to mask the electronic signal with optical chaotic light. Second, one state variable between the drive-response system should be transmitted, received, and coupled. Third, all of the conditional Lyapunov exponents for the drive-response system have to be negative.
The ability that two separate chaotic systems can be synchronized exposes an application of chaos toward secure communications. For example, Lorenz-based chaotic circuits 13) and self-pulsating laser diodes 14) were used to achieve the goal. The synchronization scheme of the drive-response system using bistable laser diodes also provides a promising model for chaotic communication. While both the selfpulsating 14) and bistable laser diodes based chaotic systems can be synchronized, differences between the systems exist. The chaos of the self-pulsating laser diodes system occurs due to the conflict between the injected sinusoidal signal frequency and the system natural frequency. The quasi-two periodic routes to chaos was thus identified. In this work, phase portrait illustrates the phenomenon that two stable equilibrium points attractors compete with each other and thus induce the chaotic behavior. Period-doubling routes to chaos in the bistable laser diodes system are also spotted.
This article is organized as following. Section 2 describes the three-dimensional bistable laser diodes model. Section 3 demonstrate numerical simulation chaotic behaviors from different perspectives. This section also demonstrate the perioddoubling routes to chaos. We first inject a sinusoidal electronic signal into the bistable laser diodes. Phase portrait, Poincaré sections, bifurcation diagram, and Lyapunov exponents are all then computed to show various nonlinear dynamical effects. Using the bistable laser diodes as chaotic masking devices, §4 considers a drive-response system in optical chaotic simplex and duplex transmissions according to Pecora and Carroll's theory. Synchronization of the simplex and duplex transformations using the bistable laser diodes is also studied in this section. Section 5 concludes the paper finally.
Formulation of Bistable Laser Diodes
Kawaguchi described the simplest model for absorptive bistability by the following rate equations: 7, 8) 
and Subscripts 1 and 2 in n e , P, g, τ nr , and γ refer to parameters in the gain and absorption regions, respectively. The parameter n ei is the numbers of injected carriers in the ith region and n p is the numbers of photons in the laser resonator. P i is the pump rate per unit volume and is defined as P i = I i /qV , where I i is the total input current in the ith region and V is the volume. B is the recombination coefficient, g i (n ei ) is the gain function, ν g is the group velocity, β SP is the spontaneous emission coefficient. The parameter τ nri is the carrier lifetime in the ith region and τ p is the photon lifetime. The parameter γ i is a ratio of the length of the region i to the whole cavity length, and γ 1 + γ 2 = 1. The rate equations (2.1)-(2.3) can be rewritten as following dimensionless form 15) (2.6) where the dimensionless variables are defined by
The new parameters are defined as follows. Let the re-scaled time T be equal to t/τ p , the key parameters η be equal to τ nr1 /τ p and δ = 1/η, and the normalized spontaneous emission coefficient ε be equal to Bβ SP τ nr1 /bν g τ p . To carry out numerical simulations, we used the parameter values listed in Table I . These values were also used in. 15) The dimensionless forms of the rate equations and these values are used throughout in this paper.
Optical bistability can occur in the bistable laser diodes. The lines show computed dimensionless photon intensity N p plotted against the dimensionless pump rate S p1 . As γ 1 = 0.5, the bistable laser diodes model has a bistable region in S p1 ∈ [25.00, 26.80]. The "bistable region" here denotes a region in which two stable equilibrium points are associated with a single dimensionless pump rate. The bistable phenomenon presents a certain degree of complexity: a single input state is associated with two stable optical output states; and the initial condition of a certain input state affects which of the stable states the system would converge to. We are thus motivated to see if chaos exists when the model laser diodes presents bistability.
Chaos in Bistable Laser Diodes
We examine the chaotic behaviors in the model by applying an electronic-controlled external drive in the gain region described by (2.4). The external sinusoidal drive is modulated as
where m c is the dimensionless modulation current, and m f is the dimensionless modulation frequency. We now demonstrate that suitable chosen parameters can lead to chaos. We observe that the attractors keep changing in the bistable region. That is, two stable equilibrium points attractors compete with each other when the value S p1 + m c sin(2π · m f · T ) sits in the bistable region. We thus hope that the nonlinearity of the model and such complexity result in chaos. Following sections assert the occurrence of period-doubling routes to chaos by phase portrait, Poincaré map, bifurcation diagram, and Lyapunov exponents.
Phase portrait
We first examine the phase portraits of the dynamical system in Fig. 2 . In the figure, the dotted lines represent the computed stable equilibrium points showing bistable operation. The solid lines are the phase portraits projected onto the pump rate (S p1 ) space. The y-axis shows photon density. The x-axis denotes the dimensionless pump rate value combined with the external sinusoidal drive, namely S p1 + m c sin(2π · m f · T ). Parameters S p1 = 28.0 and m f = 3.73 × 10 −3 are used in 
Poincaré map
The asymptotic behavior of the system can be characterized by Poincaré mapping. Let Poincaré section be a properly chosen (n − 1)-dimensional hyperplane, such that the hyperplane is not tangent to the trajectory and does not contain trajectory planes. Let φ t (x) be the trajectory under observation. The trajectory will repeatedly pass through from one side to the other. The Poincaré map can thus describe the discrete intersection points. In other words, let x ∈ and the initial time be t 0 . The Poincaré map P(x) :
→ is defined by P(x) = φ t+t x (x, t 0 ). P(x) denotes the point at which the trajectory φ t+t x (x, t 0 ) first returns to at time t x for the point x emanating from at time t 0 . For further information, see the works of Alligood et al. 16) and Parker and Chua. 17) Let a finite set {x 1 , . . . , x k } denote the points at which trajectory φ t (x) intersects hyperplane .
The system will has a period-k solution. To illustrate this concept, we consider a two-dimensional hyperplane that passes through point (4.98, 0.00, 0.00) and has normal direction [−1.00, 0.00, 0.00]. The hyperplane is then applied to the three-dimensional N e1 -N e2 -N p phase space of the system. (chaos). As explained above, the trajectory repeatedly passes through the hyperplane at three separate points in the period-3 case. The period-6 and 12 cases are similar. In the chaotic case, on the other hand, the intersection points do not form a simple geometrical object. Note that more than 500 points are plotted on each of the diagrams in Fig. 3 . 
Bifurcation diagram
We next explore chaotic behavior using a bifurcation diagram of m c .
We first find the limit set points of the Poincaré map on the hyperplane that passes through point (4.98, 0.00, 0.00) and has normal direction [−1.00, 0.00, 0.00]. The Poincaré map points are then projected onto the N p axis for each m c . Figure 4 shows the bifurcation diagram with photon intensity N p plotted against the dimensionless modulation current m c . The parameter m c is increased from 8.00 to 9.00 at a parameter resolution 0.005.
Examining the bifurcation diagram, we see that the period-3 closed orbit is indicated by three points on the hyperplane for 8.00 ≤ m c ≤ 8.24. As m c passes through 8.24, a stable period-6 closed orbit is spawned. As m c is increased further, a period-12 and a period-24 closed orbit are spawned when m c = 8.395 and m c = 8.435, respectively. The perioddoubling process continues until m c = 8.45, at which the system becomes chaotic. 
Lyapunov exponents
We further investigate the stability of periodic solutions of the rate equations by computing Lyapunov exponents. Lyapunov exponents estimate rates of change when nearby orbits converge or diverge. They act as indicators determining the stability of equilibrium points, periodic solutions, quasi-periodic solutions, and chaotic behavior. Lyapunov exponents are a generalization of eigenvalues at equilibrium points and of characteristic multipliers. For an n-dimensional continuous-time system, Lyapunov exponents can be defined as follows. Let t (x 0 ) denote the transition matrix with 0 (x 0 ) = I n , where I n is the n-dimensional identity matrix. Define m 1 (t), . . . , m n (t) as the eigenvalues of t (x 0 ) . The ith Lyapunov exponents λ i of x 0 are then defined as
whenever the limits exist for i = 1, . . . , n. Although there are as many Lyapunov exponents as there are dimensions, the largest nonzero Lyapunov exponent is usually the most important one. If it is positive, the distance between neighboring orbits grows exponentially over time. In other words, the system is sensitively dependent on initial conditions. If the largest Lyapunov exponent is negative, two nearby orbits will converge over time. We adopt the practical algorithm presented by Parker and Chua 17) to compute the Lyapunov exponents. The algorithm takes a great many iterations to compute the Lyapunov exponents with reasonable accuracy. 
Synchronization of the Drive-Response System
Consider a drive-response system using bistable laser diodes as chaotic masking devices, a drive system described by a three-dimensional rate equation is given by
The corresponding response system is given by
Note that δ andδ are the coupling coefficients.
The drive-response system described by (4.1)-(4.6) can express simplex (one-way) and duplex (two-way) transmission. Figure 6 illustrates a possible simplex transmission schematic diagram, where δ = 0 andδ = 0. To implement a chaotic simplex transmission system, the drive system sends N p (t) to the response system. From the monitor photodetector of the identical bistable laser diode in the response system,N p (t) is subtracted from N p (t). The coupling coefficientδ corresponds to the tunable gain stage. By mixing with the signal current again, the total injection drive becomes transmission thus can be implemented. Note that the coupling term is chosen to beδ(N p −N p ), so the attractor of the coupled system belongs to the 45
• line in the N p −N p space. On the other hand, if δ = 0 andδ = 0, the system becomes duplex transmission. In the case, the drive system sends a chaotic state variable N p (t) to the response system and, in return, the response system sends its chaotic state variableN p (t) to the drive system.
Synchronization of simplex transmission
We verify the synchronization in simplex transmission by computing the solutions of the drive-response system and the conditional Lyapunov exponents. For all the following experiments, m c = 9.0 and m f = 3.73 × 10 −3 . One way to verify the synchronization is to directly solve the drive-response system defined by (4.1) to (4.6). and δ = 0, Fig. 7 shows trajectories of the drive and response systems quickly become uncorrelated, even both systems have closely correlated initial conditions. In the case that the strong coupling is tuned toδ = 1.0×10 −1 and δ = 0, synchronization occurs as shown in Fig. 8 . Figure 9 further plotŝ N p /N p againstδ for δ = 0. The values ofN p /N p equal to one forδ ≥ 4.2 × 10 −3 , which implies that the drive and response system are synchronized. In contrast, whenδ < 4.2 × 10 −3 , the values ofN p /N p vary and the two systems are not necessary synchronized.
Conditional Lyapunov exponents can also indicate synchronization. Pecora and Carroll 11, 12) gave a necessary and sufficient condition for the synchronization: all the conditional Lyapunov exponents (CLE's) associated with the variational equations must be negative. To compute the CLE's, we first let E N e1 = N e1 −N e1 , E N e2 = N e2 −N e2 and 
The real part of the three eigenvalues of A −1 are the CLE's by definition. If all the CLE's are negative, the synchronization is achieved since lim t→∞ E(t) = 0. Otherwise, if positive CLE exists, the difference system grows apart as t goes to infinity. Figure 10 shows the first CLE's of (4.7) againstδ for δ = 0, in which simplex transmission is achieved. All the second and third CLE's are negative and are not shown in the figure. If the first CLE's are positive, it implies the difference system grows apart as t → ∞. Forδ ≥ 4.2 × 10 −3 , all CLE's are negative and synchronization are achieved.
Synchronization of duplex transmission
For duplex transmission where bothδ and δ are nonzero, synchronization can be established. If N p andN p are directly solved from (4.1) to (4.6) forδ = δ,N p /N p = 1 implies that the drive and response systems are synchronized. Figure 11 positive CLE exists. The drive and response systems become synchronized in the sense that the difference between the two systems vanishes.
Conclusion
Bistable laser diodes can be used as chaotic masking devices to change sinusoidal electronic signals into optical chaotic light. Chaotic behaviors of the bistable laser diodes under an external drive were numerically examined. Perioddoubling routes to chaos were observed in bifurcation diagrams. Poincaré maps and Lyapunov exponents were computed to investigate the chaotic phenomena solutions to the rate equations. The results are all consistent with each other nicely. The chaotic light also suggests a possible light source for secure optical communication. A chaotic state variable is transmitted between the drive and response systems in simplex or duplex transmission, by applying Pecora and Carroll's theory. Synchronization can be established between the drive and response systems by applying strong coupling. The drive and response systems quickly become uncorrelated with weak coupling. The ability to design synchronizing systems using bistable laser diodes offers opportunities for applying chaos on optical information transmissions.
